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Particles with Zero Mass and Particles with "Small" Mass* 
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The irreducible representations of the inhomogeneous Lorentz group which describe, respectively, particles 
with and without mass are qualitatively different. Nevertheless, the zero-mass representations can be 
obtained from the representation with mass by letting the mass go to zero. Particles of sufficiently small 
mass or sufficiently high energy behave like particles of zero mass. 

THE classification of the irreducible representations 
of the inhomogeneous Lorentz group and explicit 

realizations of physical interest are well known.1-7 

Representations for zero-mass and nonzero-mass par
ticles are characterized by different invariants and are 
qualitatively distinct. 

On physical grounds, one should expect that particles 
with energies large compared to their mass would be 
indistinguishable from zero-mass particles.7* In other 
words, one should be able to obtain the realizations of 
the zero-mass representations by continuous transition 
from the case of nonzero mass. The purpose of this 
paper is to exhibit this transition explicitly. 

The formal limit m—>0 in the usual realization, 
Eqs. (4) below, leads to a reducible representation. By 
a simple canonical transformation this realization is 
automatically reduced in the limit of vanishing mass. 

The generators of the inhomogeneous Lorentz group 
are the space translations P, the time displacement H, 
the space rotations J, and the proper Lorentz trans
formation K. Their commutation relations (c=ft=l) 
are 

LPi,Pj>o, 

[7VTH0, 

tJiiPjl^iZkeijkPk, (1) 

[H,Ki]=-iPh 

[_Ki,Kjj= —izlk tijkJky 

iP^K^-ihaH. 
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The states of a particle with mass m and spin s may 
be represented by the function ^(p,ju) with the norm 

W=L / <*PIIKP,M)!2, (2) 

where p is the momentum and y. is the 3 component of 
the spin (—s^n^s). A complete set of operators op
erating on these functions is given by p, x, and s, 
where x is defined by 

xk=id/dpk (£=!,••• , 3). (3) 

The spin s commutes with both x and p. The three 
components of s satisfy the usual commutation rules 
of angular momenta. 

The generators of the Lorentz group are then realized 
as 

P=P, 

J = x X p + 8 , 

K=§(x<o+<ox)-(sXp)/(w+a>), 

(4) 

where p= | p | . The operator x is the position operator 
of Newton and Wigner.8 For the following discussion, 
it is useful to write the last line in the form 

K=J(xw+o;x)-[(sXp)/^](co-w). (5) 

It is easy to verify that [x— (sXp)/^2] and (s-p)/p 
commute. Therefore, ($-p)/p commutes with all gen
erators of the group if tn=Q. The resulting representa
tion is now reducible except for s=0. If space reflec
tions are included, the representation for s=% is still 
irreducible. Since x and s do not commute with (s- p)/p, 
a complete set of operators on the invariant subspaces 
is not immediately apparent. It is apparent, however, 
how we may obtain an equivalent representation that 
is already reduced in the limit of vanishing mass: We 
must diagonalize (s-p)//>. 

Let U be a unitary operator which commutes with 
P and transforms s- p according to 

The operator 
W(S'P)U=PS3. (6) 

(7) 
8 T. D. Newton and E. P. Wigner, Rev. Mod. Phys. 21, 400 

(1949). 
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has this property if <t> and 0 are the polar angles of p so 
that 

pi=p cos#sin0, 

p2=psin<l>smd, (8) 

pz=pcosd. 

Verification of the relation (6) is straightforward. It is 
useful to introduce a system of orthogonal unit vectors 
defined by 

Ui= (pXn)/ | pXn| = (sin<£, — cos<£, 0), 

u2=pX(pXn)/£|pXn| 
= (cos# cos0, sin<£ cos0, — sin0), (9) 

U3= J?/P~ (cos<£ sin0, sin<£ sin0, cos0), 
where n is a unit vector in the direction of the 3 axis. 
From the commutation relations of s, it follows that 

£/tsJ7=5iU2—s2Ui+S8U3, (10) 
and, hence, 

Ws-uzU=sh (11) 
and 

t / t ( 8 X u 3 ) t / = ^ U r H ^ . (12) 

From (8) it follows that 

- i [x,0]=(l /£)u 2 , (13) 
and 

—i[x,0]= — (l/p sin0)iii. 
Hence, 

WxU= x+ (5iUi+52u2-53Ui cot$)/p. (14) 

From (11), (12), and (14) one can easily obtain a new 
set of variables q, p, and s' which satisfy the same 
commutation relations as the old ones. They are de
fined by 

sk
f=uk'($Xuz), ft=l, 2, 

$3'= 8-U8, (15) 
and 

q=x-[sXu 3 - ( s -u 3 )u ico t0] /£ . (16) 

They satisfy the same commutation relations as x, p, 
and s since 

c7tq£/=x, 

W = P , (17) 

If we represent states by functions of p and the 
eigenvalue of s3', then qk is represented by id/dpk. 
Written as functions of q, p, and s'y the generators J 
and K have the form 

J=qXp+53 ' (nXu1)/(nXu1)-u3 , (18) 

n= (0,0,1), 

(nXui)/(nXui)-w3= (cos<£/sin0, sin<£/sin0, 0), (19) 

K=!(qw+wq) — sz(<a/p)ui cot0 
+ (m/p)(sl'u1+s2'u2). (20) 

The expression (18) is identical with that given by 
Shirokov5 for zero-mass particles. The right-hand side 
of (20) becomes identical to Shirokov's zero-mass reali
zation for w=0. As a possible position operator, q has 
the objectionable feature that its commutation rela
tions with J are not those of a vector. This is obvious 
from the dependence of q on n. 

The following conclusions can be drawn from ^ur 
results: 

(1) Particles with "small" mass behave like particles 
with zero mass. (The mass m is "small" in this sense 
if it is small compared to all values of p for which the 
state function is appreciable.) 

(2) High-energy particles (£»w) with definite hel-
icity (s-p)/p and different spins behave alike. 

There still is, of course, the well-known "meta
physical" difference between particles of zero mass and 
particles of small mass. For zero-mass particles of 
helicity x ^ 1, the occurrence of otherwise identical par
ticles with smaller helicity would be an accident. For 
particles of small mass one must expect such particles 
unless the interactions conspire not to produce them. 
For photons with small mass, this feature has been 
investigated extensively.9"12 

Note added in proof. The limit m—»0 in the repre
sentations of the inhomogeneous Lorentz group has also 
been investigated by Derek W. Robinson [Helv. Phys. 
Acta 35, 98 (1962)]. The emphasis is on the continuous 
spin representations. 
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